Even if at the level of the non-relativistic limit of full QED, C is not a symmetry, the limit of this operation does exist for the particular case when the electromagnetic field is considered a classical external object coupled to the Dirac field. This result extends the one obtained when fermions are described by the Schrödinger-Pauli equation. We give the expressions for both the C matrix and theĈ operator for galilean electrons and positrons interacting with the external electromagnetic field. The result is relevant in relation to recent experiments with antihydrogen.
Introduction
It is very common to talk about P (parity or space inversion) and T (time inversion) symmetries, not only in the non-relativistic quantum mechanics, but also in classical mechanics. Nevertheless, the existence of the galilean limit of C (charge conjugation) is nowadays controversial ( [1] vs [2] ). Despite the fact that some authors [1] consider that the C transformation does not have an equivalent in the non-relativistic theory, others [2] reach up to define theĈ operator in nonrelativistic quantum mechanics, but they do not give an explicit expression for this operator. It is generally believed that the antiparticle concept can only be defined in the context of relativistic quantum mechanics, because it is only in this regime that we obtain solutions for free particles with negative energy flying backward in time, whose absence is interpreted as particles of opposite moment, charge and energy, flying forward in time: antiparticles. As the charge conjugation operation makes the particle-antiparticle operation, is believed that this operator only takes place in this context.
What is clear is that the C invariance in relativistic theory should not necessarily remain in the galilean limit because the transition from Lorentz group to Galilean group is not continuous.
The existence of the charge conjugation operation in the non-relativistic limit was demonstrated in 2006 [3, 4] , i.e., in the context of galilean relativity. This fact is different from the idea that C exists only in the context of relativistic physics, with the Lorentz-Poincaré group as the symmetry of space-time.
The Dirac equation interacting with a classical external electromagnetic field was considered in [3] , as the first step for finding this limit. For this purpose, the authors took into account the following facts:
• C does not belong to the Lorentz group O(3, 1).
• We can give ad hoc definitions for C, not only in the non-relativistic quantum mechanics, but also in the classical lorentzian and galilean mechanics [2].
• There is a symmetry between particles and antiparticles in the quantum relativistic theory. For the equations of both particles and antiparticles, it is possible to find a non-relativistic well defined limit, without any contradiction between them. If we have electrons of low energies (slow electrons), we can expect to have positrons of low energies (slow positrons) [5] , related by the charge conjugation operation.
For consistency, any prescription in the non relativistic approximation should be derived from the relativistic theory as the limiting case |β| << 1, where β is the particle "velocity" (c=1). That is why the positron Schrödinger-Pauli equation was obtained in [3] from the positron Dirac equation, making the substitution
imt ∼ ψ C and taking, then, the non-relativistic limit of the resulting equation. It was found thus a natural definition for the charge conjugation matrix in the non-relativistic limit,
where:
with K, the complex conjugation operation. Taking into account the works [3, 4] , and also some previous studies about the non-relativistic limit in quantum field theory, like the non-relativistic limit of λΦ 4 theory [6] , we are going to study the non-relativistic limit of charge conjugation, getting a little closer to reality, that is, in the case of the quantum Dirac field coupled to an external electromagnetic field.
On the non-relativistic limit of C in QED
From the QED lagrangian density:
the equations for the coupled Dirac and electromagnetic fields are deduced ( [7] , p. 84):
In equations (4) and (5),Â µ (x) is not considered external and is part of the dynamics of the system. If we make in these equationsψ(x) −→ψ C (x) (equivalent here to change q to −q), then changingÂ µ (x) −→ −Â µ (x) the charge conjugation operation is completed, showing the C invariance of quantum electrodynamics.
If we want now to take the non-relativistic limit of full QED, we must establish this limit both forψ(x) andÂ µ (x). The problem is that it is not possible to establish a non-relativistic limit forÂ µ (x) because the photon mass is zero.
It is discarded from here that, when we consider electrons, positrons and photons together, makes sense to talk about the charge conjugation operation in the non-relativistic limit. As we can not establish the non-relativistic limit for QED, from this point on, we will forget the equation (5) and will assume that the electromagnetic field in (4) is now a classical external object, with perfectly determined valueÂ µ (x) = A µ . That is, we are going to study the charge conjugation operation in the context of the Dirac field coupled to a classical external electromagnetic field.
The case of an external electromagnetic field
What was determined in [3] and [4] was the expression for the C matrix in the non-relativistic limit of the Dirac equation coupled to an external electromagnetic field. It is also necessary to find now theĈ operator, which represents the charge conjugation operation in the Hilbert space and it is related to the C matrix through Cψ T (x) =Ĉ †ψ (x)Ĉ, in the context of the non-relativistic limit of the Dirac field coupled too to a classical external electromagnetic field.
The creation and annihilation operators in terms of the field operators are given by:b
relativistic context, the electron move in a fieldÂ µ (x) like the positron does in a field −Â µ (x). In the non-relativistic limit, the charge conjugation operation only makes sense for A µ classical external and it is reduced only to changeψ(x) −→ψ C (x). In this last case, to make also the change A µ −→ −A µ do not turn the Schrödinger-Pauli equation for the positron into the Schrödinger-Pauli equation for the electron.
Conclusions
Even if it is not possible to establish the charge conjugation operation in the non-relativistic limit of full quantum electrodynamics, as is not possible to take this limit for the electromagnetic field because the photon mass is zero, we can talk about the non-relativistic limit of charge conjugation for the case of the Dirac field in the presence of a classical external electromagnetic field and give the expressions, for both the C matrix and theĈ operator, in this case.
Regarding whether the process of renormalization could modify the above analysis, we should take into account that we are not studying the elements of the dispersion matrix in each approximation of perturbation theory. Instead, we are talking about the non-relativistic limit of the hamiltonian, with which is possible to calculate the dispersion matrix. Thus, renormalization does not affect the process of taking the limit.
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